We present the results of experimental and numerical study of the distribution of the reflection coefficient P (R) and the distributions of the imaginary P (v) and the real P (u) parts of the Wigner's reaction K matrix for irregular fully connected hexagon networks (graphs) in the presence of strong absorption. In the experiment we used microwave networks, which were built of coaxial cables and attenuators connected by joints. In the numerical calculations experimental networks were described by quantum fully connected hexagon graphs. The presence of absorption introduced by attenuators was modelled by optical potentials. The distribution of the reflection coefficient P (R) and the distributions of the reaction K matrix were obtained from the measurements and numerical calculations of the scattering matrix S of the networks and graphs, respectively. We show that the experimental and numerical results are in good agreement with the exact analytic ones obtained within the framework of random matrix theory (RMT).
Quantum graphs of connected one-dimensional wires were introduced more than sixty years ago by Pauling [1] . Next the same idea was used by Kuhn [2] to describe organic molecules by free electron models. Quantum graphs can be considered as idealizations of physical networks in the limit where the lengths of the wires are much bigger than their widths, i.e. assuming that the propagating waves remain in a single transversal mode.
Among the systems modelled by quantum graphs one can find e.g., electromagnetic optical waveguides [3, 4] , mesoscopic systems [5, 6] , quantum wires [7, 8] and excitation of fractons in fractal structures [9, 10] . Recently it has been shown that quantum graphs are excellent paradigms of quantum chaos [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21] . More complicated and thus more realistic systems -microwave networks with moderate absorption strength γ = 2πΓ/∆ ≤ 7.1, where Γ is the absorption width and ∆ is the mean level spacing, have been experimentally investigated in [22, 23] . Other interesting open objects -quantum graphs with leads -have been analyzed in details in [14, 15] . However, the properties of networks and graphs with strong absorption have not been studied experimentally neither numerically so far. Therefore, in this paper we study experimentally and numerically the distribution of the reflection coefficient P (R) and the distributions of the Wigner's reaction matrix [24] (in the literature often called K matrix [25] ) for networks (graphs) with time reversal symmetry (β = 1) in the presence of strong absorption.
In the case of a single channel antenna experiment the K matrix is related to the scattering matrix S by the following relation
Eq. (1) holds for the systems with absorption but without direct processes [25] . It is important to mention that the function Z = iK has a direct physical meaning of the electric impedance that has been recently measured in the microwave cavity experiment [26] . In the one channel case the S matrix can be parameterized as
where R is the reflection coefficient and θ the phase.
Properties of the statistical distributions of the S matrix with direct processes and imperfect coupling have been studied theoretically in several important papers [27, 28, 29, 30, 31, 32] . Recently the distribution of the S matrix has been also measured experimentally for chaotic microwave cavities with absorption [33] . The distribution P (R) of the reflec-tion coefficient R and the distributions of the imaginary P (v) and the real P (u) parts of the Wigner's reaction K matrix are theoretically known for any dimensionless absorption strength γ [25, 34] . In the case of time reversal systems (symmetry index β = 1) P (R) has been studied experimentally by Méndez-Sánchez et al. [35] . The distributions P (v) and P (u) have been studied for chaotic microwave cavities in [26, 36] and for microwave networks for moderate absorption strength γ ≤ 7.1 in [22, 23] . For systems without time reversal symmetry (β = 2) and a single perfectly coupled channel P (R) was calculated by
Beenakker and Brouwer [37] while the exact formulas for the distributions P (v) and P (u)
were given by Fyodorov and Savin [25] .
In the experiment quantum graphs can be simulated by microwave networks. The analogy between quantum graphs and microwave networks is based upon the equivalency of the Schrödinger equation describing the quantum system and the telegraph equation describing the microwave circuit [21] .
A general microwave network consists of N vertices connected by bonds e.g., coaxial √ ε = 32.9 GHz [38] , where r 1 = 0.05 cm is the inner wire radius of the coaxial cable (SMA-RG402), while r 2 = 0.15 cm is the inner radius of the surrounding conductor, and ε ≃ 2.08 is the Teflon dielectric constant [39, 40] .
From the experimental point of view absorption of the networks can be changed by the change of the bonds' (cables') lengths [21] or more effectively by the application of microwave attenuators [22, 23] . In the numerical calculations weak absorption inside the cables can be described with the help of complex wave vector [21] . We will show that strong absorption inside an attenuator can be described by a simple optical potential. The corresponding mathematical theory has been developed in [41] .
The distribution P (R) of the reflection coefficient R and the distributions of the imaginary and real parts of the Wigner's reaction matrix K for microwave networks with absorption were found using the impedance approach [23, 26, 36] . In this approach the real and imagi- nary parts of the normalized impedance Z
of a chaotic microwave system are measured, with Z n(r) = Z 0 (1 + S n(r) )/(1 − S n(r) ) being the network (radiation) impedance expressed by the network (radiation) scattering matrix S n(r) and Z 0 is the characteristic impedance of the transmission line. The radiation impedance Z r is the impedance seen at the output of the coupling structure for the same coupling geometry, but with the vertices of the network removed to infinity. The Wigner's reaction matrix K can be expressed by the normalized impedance as K = −iZ. The scattering matrix S of a network for the perfect coupling case (no direct processes present) required for the calculation of the reflection coefficient R (see Eq. (2)) can be finally extracted from The radiation impedance Z r was found experimentally by measuring the scattering matrix S r of the 6-joint connector with five joints terminated by 50 Ω loads (see Figure 1(b) ).
The experimentally measured fully connected hexagon networks were described in numerical calculations by quantum fully connected hexagon graphs with one lead attached to the 6-joint vertex. In the calculations attenuators (absorbers) were modelled by optical potentials [41] . To be explicit we suppose that the fully connected hexagon graph Υ with one coupled antenna is described in the Hilbert space
where ℓ jn stays for the lengths of the bond connecting the vertices j and n and the halfline (0, ∞) describes the attached antenna.
We define the Schrödinger operator H by
with ψ jn ∈ L 2 (0, ℓ jn ) for the bonds and
with ψ 0n ∈ L 2 (0, ∞) describing the wave function of the antenna connected to the vertex n (note that the "infinite" vertex of the antenna has index 0) .
At the vertices the wave functions are linked together with the boundary values
satisfying boundary conditions ψ jn (j) = ψ jm (j) =: ψ j for all n, m describing connected vertices, and
The optical potentials U jn are purely imaginary and describe the absorber inserted between the vertices (j, n).
Since the graph Υ is infinite (due to the attached antenna) we can look for solutions of the equation
referring to the continuous spectrum, where k is the wave vector. For microwaves propagating inside a lossless bond with a dielectric constant ε the wave vector k = 2πεν/c, where ν and c denote the frequency of a microwave field and the speed of light in the vacuum, respectively. To solve this equation we used the graph duality principle [41] . According to this principle we need to solve the equation
normalized Dirichlet boundary conditions
The Wronskian of this solution is naturally equal to W jn − v jn (ℓ jn ) = u jn (0). Then according to [41] the corresponding boundary values (6) satisfy the equation
Conversely, any solution ψ j of the system (10) determines a solution of (8) by
As already mentioned the microwave attenuators are modelled by optical potentials localized inside the inserted component. It is well known that any smooth and localized potential can be easily approximated by a sequence of delta potentials inside the support of the potential -see [42] for details. We will use this fact and express the optical potential as a sum of N delta-potentials with imaginary coupling constants: U(x) = ib In order to find the distribution P (R) of the reflection coefficient R and the distributions of the imaginary and real parts of the K matrix we measured the scattering matrix S n of 88 and 74 network configurations containing in each bond a single 1 dB and 2 dB microwave SMA attenuator, respectively. The total optical lengths of the microwave networks containing 1 dB attenuators, including joints and attenuators, varied from 574 cm to 656 cm. For the networks with 2 dB attenuators the optical lengths varied from 554 cm to 636 cm. To avoid degeneracy of eigenvalues of the networks the lengths of the bonds were chosen as incommensurable.
In Figure 2 the modulus |S n | and the phase θ of the scattering matrix S n of the microwave networks with γ = 19.9 and 47.9, respectively, are presented in the frequency range 7.5 -9
GHz. The measurements were done for two networks containing 1 dB and 2 dB attenuators, respectively. Their total "optical" lengths including joints and attenuators were 574 cm and 554 cm, respectively.
For systems with time reversal symmetry (β = 1), the explicit analytic expression for the distribution P (R) of the reflection coefficient R is given by [34] 
The probability distribution P 0 (x) is given by the expression
where the integrated probability distribution W (x) is expressed by the formula [34] W (x) = x + 1 4π
The functions f 1 , g 1 , h 1 , j 1 are defined as follows
Their counterparts with the index 2 are given by the same expressions but the integration is performed in the interval t ∈ [0, w] instead of [w, ∞). The distributions of the imaginary and the real parts P (v) and P (u) of the K matrix [25] can be also expressed by the probability distribution P 0 (x):
and
where −v = Im K < 0 and u = Re K are, respectively, the imaginary and real parts of the K matrix. Results of the numerical calculations of the distributions P (v) are shown in Figure 6 for two mean values of the parameterγ = 19.3 and 47.7, respectively. They are compared to the theoretical ones evaluated from the formula Eq. (20) . Figure 6 shows also a good agreement between the numerical and theoretical results, which confirms usefulness of the optical potential approach in describing the microwave attenuators.
Measurements of the distribution P (u) of the real part of the Wigner's reaction matrix
give an additional test of the consistency of the γ evaluation. In Figure 7 we show this distribution obtained for two values ofγ = 19.3 and 47.7, respectively, compared to the theoretical ones evaluated from the formula Eq. (21) . Also here we observe good overall agreement between the experimental and theoretical results. However, Figure 7 shows that for the networks with 2 dB attenuators the theoretical distribution is in the middle (−0.1 < u < 0.1) slightly higher than the experimental one. According to the definition of the K matrix (see Eq. (1)) such a behavior of the experimental distribution P (u) suggests deficiency of small values of |ImS|, whose origin is not known. Moreover, the experimental distribution P (u) obtained for the networks assembled with 1 dB attenuators is slightly asymmetric for |u| > 0.5.
In Figure 8 the comparison of the numerical distribution P (u) obtained for two values of γ = 19.3 and 47.7, respectively, to the theoretical one evaluated from the formula Eq. (21) is presented. In this case we see a good overall agreement between the numerical and theoretical results.
In spite of the above mentioned discrepancies which appeared mainly in the case of the experimental distribution P (u) the overall good agreement between the experimental and theoretical results justifies a posteriori the chosen procedure of calculating the experimental γ. The same is true also for the numerical simulations.
In summary, we measured and calculated numerically the distribution of the reflection coefficient P (R) and the distributions of the imaginary P (v) and the real P (u) parts of the Wigner's reaction K matrix for irregular fully connected hexagon networks and graphs in the presence of strong absorption. In the case of the microwave networks consisting of SMA cables and attenuators the application of attenuators allowed for effective change of absorption in the graphs. In the numerical calculations absorption in an attenuator was modelled by an optical potential. We showed that in the case of the time reversal symmetry (β = 1) the experimental and numerical results for P (R), P (v) and P (u) are in good overall agreement with the theoretical predictions. The agreement of the numerical and theoretical results strongly confirms the usefulness of the optical potential approach in the description of the microwave attenuators.
